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Introduction
Int ensive insulin therapy is composed of basal insulin, which controls blood glucose overnight and between meals, and bolus insulin to correct high glucose concentrations after meals or snacks. 1 Because of their ability to generate different insulin infusion profiles, insulin pumps improve glycemic control compared with multiple daily injections. 2, 3 Standard, extended, and combination boluses are currently embedded into commercial insulin pumps as part of automatic bolus calculators or bolus advisors that deal with different meal compositions or other circumstances such as stress, exercise, and foods that vary in glycemic index or in fat and protein content. 4, 5 However, their use is still heuristic based on the experience of both physicians and patients and does not offer complete solutions to the main concerns of type 1 diabetes mellitus (T1DM) patients, only partially meeting the International Diabetes Federation guidelines. Major problems in postprandial control today refer to insulin dynamics: too slow to start and lasts too long for most meals. This undesired imbalance, usually present in poorly controlled T1DM patients, leads to short-term hyperglycemia and late-term hypoglycemia episodes. 6 Some strategies based on continuous glucose monitoring, as proposed by Wang and coauthors, 7 vary the basal insulin delivery depending on the glucos e trend and some heuristic assumptions. As an alternative prandial insulin delivery method, a set-inversion-based (SIB) algorithm based on mathematically guaranteed techniques (interval analysis) was presented previously. 8, 9 The algorithm calculates the optimal prandial basal-bolus combination from a preprandial glucose measurement and a patient's prediction model that may account for intrapatient variability. The SIB algorithm revealed the need for a temporal basal decrement at mealtime combined with an equivalent increase in the meal bolus (a generalization of the superbolus concept introduced by Walsh and Roberts 6 ) for good postprandial performance when the carbohydrate content was high, such as in meals that contain grams of carbohydrate equal to or greater than the person's weight (kg). The SIB concept also allows for a decrease in a meal bolus combined with an equivalent increase in basal delivery. These approaches can improve glycemic outcomes with less computational effort by the wearer for higher carbohydrate intakes, low or high glycemic meals, or brunches. Compared with traditional bolus administration mode, one of the major advantages of this new approach is that it allows the patient be more aggressive and flexible with prandial insulin doses without increasing the risk for late-term hypoglycemia.
However, a critical drawback of the SIB algorithm is that it has to compute the complete space (paving) of possible solutions in the basal-bolus space. 9, 10 This procedure is highly time consuming and infeasible in practice.
The aim of this work is to optimize the computation time of this SIB algorithm by developing a strategy to compute one single solution of interest in the basal-bolus space. A methodology based on the analysis of interval simulations, physiological assumptions, and search domain contraction was developed to enable integration of this bolus advisor into smart insulin pumps.
Set-Inversion-Based Prandial Insulin Delivery
Set-inversion-based prandial insulin delivery is a control strategy designed to meet a set of constraints through a recursive search among combinations of three components, namely, the bolus dose, the postprandial basal dose, and the time for basal-to-baseline restoration [the postprandial basal duration (PPBD)]. 9 Its functionality is as follows. Given an interval vector (or box) of inputs X, comprising the elements of bolus dose, basal dose, and PPBD, the SIB algorithm determines whether (1) the full range of therapies contained in X meet the constraints, (2) none of them meet the constraints, or (3) some of them meet the constraints. For the third case, the corresponding input box is partitioned, and the resulting boxes are reevaluated in an iterative way by the algorithm until getting a box that meets the constraints. 9 At each step in the algorithm, a glucose-insulin model is used to predict the postprandial glycemia corresponding to the therapies contained in X, using interval simulation techniques. 11 Revert and coauthors 9 use modal interval analysis for this purpose. After comparing the predicted postprandial glycemia with the constraint set, a threedimensional plot of boxes meeting these constraints is obtained (see Figure 1A) . A two-dimensional basalbolus projection (see Figure 1B) is then useful for showing basal-bolus combinations that will lead to a good performance for a particular patient and meal.
It should be noted that, even when meeting all constraints, the postprandial behavior associated with each possible basal-bolus combination inside the paving of solutions is different. This is the reason for using in silico testing: 10 to find the most appropriate basal-bolus combination from among all those possible to obtain the best postprandial performance.
Methods
According to the results of Revert and coauthors, 10 the basal-bolus combination of interest within the paving of solutions corresponds to the box containing the maximum value for bolus dose, and this was established as the optimization aim in this work.
The input domain corresponds to the standard capabilities found in commercial insulin pumps: 0-40 IU for the bolus dose; 0-10 IU/h for the basal dose; and 0-300 min for the PPBD.
The basal-bolus plane of the input domain was partitioned into a grid of fixed granularity (see Figure 2) . The optimization method uses a box with basal-bolus components of a predefined size. This size corresponds to the minimum width used in the conventional version of the SIB strategy and covers the range of inaccuracy present in insulin pumps. If the constraints are met by a basal value less than the nominal value, the solution may be found in checkpoints "X1" or "X2"; otherwise, it will be in "X4," "X5," or beyond.
In essence, the optimization algorithm focuses on moving the box across the grid following a pathway to reach the target solution in few steps.
The set of constraints used here correspond to those used by Revert and coauthors: a 2 h postprandial glucose value below 140 mg/dl in a 5 h time horizon and a maximum glucose slope of 10 mg/dl/h starting 4 h after the meal in order to avoid the late-term hyperglycemia; and a hypoglycemic threshold of 70 mg/dl and a 5 h postprandial glucose value above 90 mg/dl in order to avoid hypoglycemia.
The dynamic relationship between glucose and insulin was included implicitly through a simple physiological assumption: the more insulin delivered, the more that blood glucose is lowered in the patient. Such physiological knowledge is useful for ruling out search areas according to the optimization aim.
Interval simulations, 11 characterized by reflecting the collection of postprandial glucose profiles predicted by the patient model for a set of therapies and/or model uncertainty, were used. The glucose-insulin model used in this optimized SIB strategy was the same as that used in the conventional version. Model identification and validation was carried out from 6-day domiciliary data using a continuous glucose monitor. For 3 days, the patient advanced or delayed bolus infusion with respect to mealtime at lunch, according to an optimal experiment design to maximize sensitivity of identified parameters. Three additional days following the standard treatment were used for model validation. A detailed description about the model and its identification was presented by Laguna and coauthors. 13 
Algorithm Rationale
The optimization task was divided into two main stages: first finding the box containing the maximum bolus value that meets the hypoglycemia and hyperglycemia constraints (including the 5 h glucose above 90 mg/dl) and then verifying the slope constraints.
We describe the optimization procedure using a graphical example as follows. A typical search path in the basalbolus plane is shown in Figure 2 . In this figure, the blue squares represent "checkpoint" input boxes at algorithm steps where a certain condition is reached.
Because we are seeking a solution with a maximum bolus value, the starting point (initial box) "X0" always corresponded to the maximum bolus dose possible and the minimum basal dose according to insulin pump capabilities. At this point, the hypoglycemia condition was always obtained because of the extreme bolus value (see Figure 3 ).
To achieve a nonhypoglycemia condition, i.e., to reach checkpoint box "X1," a bolus decrement is required. In this procedure, the basal component was fixed at the minimum (0 IU/h) and the PPBD component to the Typical glucose response when using the maximum bolus limit. The hypoglycemia constraint is always violated at the initial box "X0." maximum (300 min) (i.e., the minimum basal infusion, because the nominal basal dose > 0 IU/h) to perform a domain-space contraction in the bolus component (see Figure 2 ) until the hypoglycemia constraint was met.
After reaching "X1," the hyperglycemia constraint is checked. If it is met, the algorithm verified that the slope constraints are met. If not, a change in PPBD can be conducted.
When the box is below the nominal basal dose, a longer PPBD implies a smaller basal infusion. Conversely, when the box is above the nominal basal dose, a longer PPBD implies a larger basal infusion. Figure 4 shows this behavior.
Two parameters, tHyper and tHypo, were used to discover if a PPBD variation could help meet the hyperglycemia constraint. When the box is below the nominal basal tHyper corresponds to the maximum time at which the hyperglycemia condition is no longer true, and tHypo corresponds to the minimum time at which the hypoglycemia condition is no longer true (see Figure 4 , case A). In case the box is above the nominal basal, tHyper corresponds to the minimum time at which the hyperglycemia condition is no longer true and tHypo corresponds to the maximum time at which the hypoglycemia condition is no longer true (see Figure 4 , case B). Hence hypoglycemia and hyperglycemia constraints will be met simultaneously if Therefore, if condition (1) is not valid for the box "X1," it is still possible to modify the bolus value to affect the dynamics of tHyper and tHypo.
The next checkpoint box, "X2," is the bolus value when tHyper or tHypo is zero. If tHyper is zero for "X2," (1) is not fulfilled and a basal/bolus dose is not found. On the other hand, if tHypo is zero for "X2," (1) is fulfilled, and therefore it is a solution. Typical dynamics for tHyper and tHypo in reaching "X2" are shown graphically in Figure 5 . Such dynamics are quite different. The trends can be explained based on the bolus reduction effect, whose action is mainly reflected on the hypoglycemia rather than the hyperglycemia condition. This behavior can also be treated as a "slopes" problem. When a bolus reduction occurs, tHypo starts with a slope "s0" and tHyper with a slope "s1." Both trends finalize with the same slope "sf" when reaching "X2" (see Figure 5 ). Therefore, (1) will or will not be fulfilled for "X2" according to the distance between tHyper and tHypo for box "X1."
It is worth mentioning that basal value may be increased according to the patient needs, but there is a limit on how far the basal dose may be decreased in order to increase the bolus dose sufficiently to cover large carbohydrate meals. Up to this checkpoint, the most likely situation where no solution would be found will be for large carbohydrate intakes and foods with high glycemic index.
If, when reaching "X2," (1) is not fulfilled, a further decrement in the bolus value will not be useful unless a new checkpoint with a different basal value is considered.
As (1) is not fulfilled for "X2," no value below the nominal basal will be part of the solution. Indirectly, all basal insulin values between the minimum and the nominal have been applied through the previous PPBD variation. Therefore, the next checkpoint box "X3" corresponds to the same bolus, but using the nominal basal value. Here, PPBD is again set at 300 min.
However, a value equal to the nominal basal implies a new and lower bolus value to meet the hypoglycemia constraint. This procedure corresponds to checkpoint box "X4."
In later checkpoints (e.g., "X4" and "X5"), iterative changes in bolus insulin to meet the hypoglycemia constraint followed by changes in basal insulin to meet the hyperglycemia constraint are performed until both constraints are met simultaneously. In this process, some changes in PPBD will be performed. After the hypoglycemia and hyperglycemia constraints are met, PPBD should be changed to meet the slope constraints depending on the current basal value and on which slope was violated (upper or lower).
If this action is insufficient, with the slope violated being the lower slope, the algorithm will finish with no solution and a new process will need to be started using constraints more relaxed. However, if the upper slope is violated, a final option for improving the insulin action is to reduce the bolus component in an iterative way while the basal component is maximized.
The flowchart of the optimized version of the SIB strategy is summarized in Figure 6 . 
Results
To compare the optimization performance, responses of a conventional processing method obtained for six real patients with T1DM was used. The optimized version reused the patient model of the conventional version. Continuous glucose monitoring data were used to obtain the respective patient model. Demographic characteristics of the subjects were as follows: six subjects (three males), age 41.8 ± 7.3 years, diabetes duration 20 ± 10 years, hemoglobin A1c 8.0% ± 0.6%, and body weight 68.7 ± 10 kg.
The comparison was carried out on a workstation Dell Precision T3500, Intel ® Xeon Processor of 2.67 GHz and RAM memory of 4096 MB.
Results are presented in Table 1 . As comparison metrics, the number of iterations and the total computation time was used (see Table 1 ). Iteration counting was based on how many interval simulations were performed during the corresponding algorithm steps.
Regarding the final solutions given by each algorithm, once the solution box is found, the insulin to be infused corresponds to the middle point of each component range (center of the box). The results show that the recommended basal/bolus doses found with this faster SIB method showed only minor differences from those of the conventional SIB strategy, as can be seen in Table 2 .
LabVIEW software was used to estimate the computation time of the optimized SIB strategy when it is running at a very low processing rate. The results show that the mean of iterations for the optimized strategy requires approximately 3.59 s at 20 MHz processing. According to the Medical Solutions Guide, 14 a similar processing power is used in current smart insulin pumps.
Discussion
Parameter values of the patient model were set using data obtained from an ongoing clinical study about the performance of the SIB strategy in real patients. An optimization algorithm was implemented to compare its solutions with those of the standard SIB strategy. We found that the optimization algorithm obtains similar solutions to the conventional strategy, but in 0.032% of the time. However, it must be said that the baseline for the comparison time was the complete space of solutions of the conventional strategy. The new algorithm does not require the computation of such a global grid; therefore, a much lower computation time was expected.
In order to put method into context, the accuracy and efficiency of the optimized version was compared against a Monte Carlo approach. A standard Monte Carlo test was developed with 1% and 5% of all possible combinations of basal, bolus, and PPBD at random. The best solution in each test was selected to calculate the mean absolute error with respect to the solution obtained using conventional SIB strategy (see Table 3 ). An important difference in accuracy was obtained compared with the one achieved by the optimized version (see Table 2 ). Moreover, as the total number of boxes is 320,000, 1% and 5% of Monte Carlo correspond to 3200 and 16,000 simulations, respectively. This means 50 and 250 times the number of simulations required by the optimized version of SIB strategy.
The inclusion of physiological knowledge in the optimization algorithm enables development of efficient search strategies to replace methods based on extensive search algorithms, where each possible combination is tested, whatever its physiological effects.
We acknowledge that this computing optimization is an ad hoc approach designed for our insulin therapy. It must be pointed out that embedding this algorithm into an insulin pump may require modifications of the bolus-on-board computation as currently done. Although a temporal basal decrement at mealtime does not contribute to bolus on board, basal increments above baseline may be considered as combo boluses. In this case, the basal excess should compute as bolus on board.
It is worth noting that temporal basal decrements are related to super boluses as introduced by Walsh and Roberts 6 . However, in our case, no constraints on total insulin administered exist. The algorithm automatically computes the required bolus dose and basal decrement (and for how long) to fulfill constraints on postprandial glucose based on the amount of carbohydrate intake and the prediction of the patient's behavior (considering intrapatient variability). Thus the algorithm may present an increment of total insulin dose if a patient changes his eating. Carbohydrate counting is used as input to the model, but not for a direct computation of the bolus size. An additional advantage of the method is that carbohydrate estimation error, as commonly done by the patients, can be naturally considered by the method as intervals in the meal intake.
As a limitation, the method relies on a mathematical model including meal absorption. Current models of carbohydrate digestion and absorption are limited due to the clinical data used for its development and may be representative of only a particular type of meal. Although variability in glucose absorption can be included in our methodology, more research is needed for the characterization of absorption profiles for different groups of meals.
In conclusion, a computationally efficient method for finding the maximum bolus-insulin solution using a SIB strategy has been presented and tested. The results indicate that an embedded version within smart insulin pumps is now feasible. Clinical studies are needed for a validation of the clinical efficiency of the method. 
